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Summary

Research workers, while handling, large number of treatments, often face
difficulties in getting suitable designs with small number of replications (say,
2 or 3). Keeping this end in view, a simple technique of obtaining such designs
with practicable block sizes is presented here. It is interesting to note that the
analysii of these designs remains the same as that of the conventional incom
plete block designs. A list of plans with parameters (r > 18, r = 2 or 3,
k < 16) is also appended for ready reference. ~
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Introduction

Research workers in certain fields face difficulties in getting suitable
plans with reasonably small number (say, 2 or 3) of replications of treat
ments. Even when the number of treatments is not too large, the avail
able list of incomplete block designs may not include a design with the
number of treatments,that the experimenter is actually interested in or
may supply, him with plans of designs which require too many replica
tions. As pointed out by Calinski [2], Verdooren [6] could not find a
suitable plan for comparing 18 varieties of wheat using 3 replicates only.
Several such situtations may be cited where the experimenters are unable
to find appropriate designs for their experiments and are compelled to -
use sub-standard designs. ,
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In the present communication, we shall first provea theorem concern
ing construction of a class of incomplete block designs called C-designs
(Saha [4]) from the existing C-designs and the result of this theorem will
be applied to evolve some useful plans for comparing large number of
treatments with small number of replicates. Actually, it will be seen
that some existing incomplete block designs (viz., balanced incomplete
block, partially balanced incomplete block, etc.) with small number of
replicates or duals of such designs haying small (2 or 3) block sizes may
conveniently be utilized to obtain plans whose treatment numbers and
block sizes are suitable multiples of those of the basic designs while the
number of blocks and replicates remain unchanged. Moreover, since the
derived designs are found to satisfy the property of C-designs, their
analyses remain simple and straightforward as given by Calinski [2], As
the basic designs used in this paper are equireplicate and proper incom
plete block designs, we shall confine ourselves with equireplicate and
proper C-designs only.

2. Preliminary Concepts

2.1. C-design
' •

A block design N (t, b, r, k) having t treatments, b blocks, r replica
tions and k blocksizes is defined as an equireplicate andproper C-design,
if it satisfies

Jl/2 = Mo

where, Afp = (Mrk) N N' —(r/n) 7and (a is a constant (0 < (x < 1),
defined by Jones [3] as a measure of relative loss of information due to
partially confounding the treatment contrasts with blocks of the design;
N is the (t X b) incidence matrix of the design and N' its transpose; J is
the it X t) matrix of unit elements and n is the total number of observa
tions,

2.2. Dual design

If iV is the incidence matrix of a design D, the design Z)' which has N''
as, its incidence matrix, is said to be the dual design of D. In other
words, a block design D' obtained from another block design D by-
changing the treatments and blocks of D to respectively the blocks and'
treatments of £)', is called the dual design of Z).

2.3. Kronecker product ofmatrices

If A = (oij) is an m X n matrix and B = {ba) is another matrix of
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orderpXq,thentheKroneckerproduct,denotedby^®B,Jathe
mpXnqmatrixgivenby

fliifiOitB.,.Oi„B

A^B=HjiBO22B....OtnB

_OmlBUmiB...(tmnB

3.Method

Inthissection,wefirstproveatheoremconcerninggenerationofnew
C-designsfromexistingC-designs.Thenwediscussbrieflytheanalytical
outlinesofanequirepllcateandproperC-design.

3.1.ConstructionofC-design^

Themethodofconstructionispresentedbelow:

Theorem3.1.LetNtUb(t,b,r,k)beanequireplicateandproperC-
designcalledbasicdesign.Thefttherealwaysexistsanotherequireplicate
andproperC-design=(lexi®A^<xj)withparameterst*=ct,
b*=b,r*=r,k*=ck,wherecisapositiveintegergreaterthanzero.

Proof.TheparametersoftheresultingC-designN*areobvious.We
arerequiredtoshowonlythatN*isalsoaC-design.SinceiVisa
C-design,thenevidentlyAfJ=nAf„where(xandMoareasdefined
in2.1.

Bydefinition,theMo-matrixofN*isgivenby

K=i^lr*k*)-(r*lcn)Jctxct

=(i/«fc)(1.X1®Niy,,)(i;^.®-(r/c«)

=(llrck)(/«xc®(.NN')txt)(rlcn){Jcxa®Jtxt)

=(1/c)/.X.®[(llrk)(NN')m-(rin)/ex,]

i.e.,M*=Hlc}Jcxc®M,

Now,

•^0^=(d/c)/«xe®Mo)(d/c)/ex,®Mo)'
-Z'(d/c)/oxo®Mo)
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Hence

which shows that the resulting design N* is a C-design. Also, the constant
for the resulting design remains the same as that of the original C-

design.
It may be mentioned here that the work of Calinski [2] and Saha [4]

reveals that the following binary block designs and their duals belong to
the class of equireplicate and proper C-designs :

(i) Balanced incomplete block (BIB) designs,
(ii) Affine resolvable incomplete block designs,

(iii) Semi-regular group divisible (GD) designs,
(iv) Singular GD designs,

(v) The class of Ta-designs with parameters t =^^ 6=n, r=2,
fc = (n - 1), A, 1, A, = 0, and

(vi) The class of Li designs with r + (« —/) (s —i + 1) Aa = 0
or, (r — i Aj) + (i — 1) Aa = 0.

Therefore, all the designs listed above and their duals could be used as
basic designs in Theorem 3.1 to derive a large number of new C-designs.

3.2. Analytical Outlines

The analysis of C-designs remains the same asthatofthe conventional
incomplete block designs. However, a brief account of the same in the
present context is provided here. To compute the adjusted treatment
sum of squares (s.s.), one has to first find out the variance-covariance
matrix of the least square estimate of treatment effects. Following Tocher
[5] and Calinski [2], the said variance-covariance matrix (Q), for an
equireplicate and proper C-design with parameter set {t, b, r, k) can be
found out, under the usual fixed effects additive model, as

Q - [/-f (I - Mo]/r (3.2.1)

where [x and Afo are as defined earlier. Then the least square estimate of
treatment effects (QQ) and the adjusted treatment s.s. (Q'ClQ) can be
calculated as usual by noting that Q (the adjusted treatment total)
^ X —N BIk, where T and B are the vectors of unadjusted treatment
and block totals respectively and N is the incidence matrix of the design.
Other s.s. viz., s.s. due to total. Block and Error couldbe found out iq
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usual manner. Hence the following analysis of variance table could be
set up for testing the null hypothesis of equality of treatment effects :

Sources of variation d.f. S.S.

Between blocks (unadj) b-1 ' s ayt - CF

„ Treatments (adj.) t - 1 Q'^Q

Error t{r-\)-(b —1) By subtraction

Total rt-l 2 - CF
ij'l

In fact, the analysis of C-design is simple provided D is obtained
easily. So far as the expression (3.2.1) is concerned, once the constant
'[A' for a C-design having known, the calculation of Ci does not pose
much of difficulty. In general, the [A-value of a C-design could be worked
out from the relation Ml = V- Mq. But the process seems to be a
lengthy one. Alternatively, the same could be obtained through the use
of the corollary 4 of Theorem 2 in Saha [4]. The ^-values of the designs
listed at the end of Section 3.1 which are obtained through the said
corollary are given below for ready reference.

Designs with parameters ^-value

BlB design (/, b, r, k, X) (r —X)/rfc

AflSne resolvable design {t, b, r, k, qi, q^) {k — qi)lrk

Semi-regular GD (t, b, r, k, m, n, Xi, Xg) (r - Xi)/rfc

Singular GD {t, b, r, k, m, n, Xi, Xi) (rk —v X2)/rA:

Ta-Design {t = ("),b =n, r = 2, k= n- 1. (n - 2)/(2n-2)
^2/ X, =2.Xa =0)

r(')((r-iW + 0—l)W/rk.
when r + (j — i) Xi — (5 — i +1) X' = 0

Lj-Design (/ = i2, 6, r, k, ,, i) (ii) (r + (i — f) Xi — Xa (s — I + l))/rk,
when (r — i Xi) + (i - 1) Xa = 0.

As the |j.-value of the new C-design derived through each of the above
designs remains the same as that of the basic design, the f^-values given
above can be used while analysing the designs suggested in this paper.

4. Results and Discassion

Example 4.1. The singular GD design with parameters t = 6, b = 3,
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— 2, ^ — 4, m = 3, « = 2, Aj = 2, A2 = 1 whose block contents and
incidence matrix are given below is a C-design (6, 3, 2, 4).

Blocks

I.

II.

III.

Contents

(1. 2. 3. 4)

(1. 2. 5, 6)

(3, 4, 5, 6)

iVax3

Incidence Matrix

' 1 1 0 1

1 1 0

1 0 1

1 0 1

0 1 1

. 0 1 1 -

Now taking c = 3, we have, by Theorem 3.1,

^i8Xj = (Ijxi ® iVjxa)

which is the incidence matrix of a new C-design with parameters 1= ISj.
b = 3, f = 2, k = 12 and is a rare plan of a design that can be used to
compare 18 treatments taking only 2 replicates of each treatment. Below
are given the block contents of the derived C-design after remembering
the treatments.

Blocks

I.

II.

III.

Contents

(1, 2, 3. 4. 7, 8, 9, 10, 13, 14, 15, 16)

(1, 2, 5, 6, 7, 8, 11, 12, 13, 14, 17, 18)

(3, 4, 5, 6, 9, 10, 11, 12, 15, 16, 17, 18)

By using the semi-regular GD design with parameters t = 6, b = 9.
r = 3, A: = 2, w = 2, « = 3, Ai = 0, Aa = 1 as basic design^and taking
c = 3, Theorem 3.1 leads to the C-design (18, 9, 3, 6) by which 18 treat
ments could by compared using 3 replicates only. Earlier, Calinski [2]
gave a solution of this plan in a dififerent way. The present one may,
therefore, be treated as an alternative solution of the problem confront
ed by Verdooren [6] as described in Section 1. In the same way, this
particular semi-regular GD design will give rise to plans of designs in
practicable block sizes for 12, 24, 30, 36, 42, 48 treatments having 3
replicates only, when c = 2, 4, 5, 6, 7, and 8 respectively.

Thus we can conclude that by using the incomplete block designs (as
listed at the end of Section 3.1) having small number of replicates (or,
dual of these designs with small block sizes), a good number of incom-
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plete block designs for large number of treatments with small number of
replicates could be obtained by suitably choosing the values of c. A list
of such incomplete block designs alongwith the sources (i.e., basic
designs) and c-values are given in the Appendix.
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Appendix

Plans of Designs for t > 18 with r = 2 or 3 and A: < 16

Serial Derived designs Basic designs* Value ofc
No. t b r k

1. 18 3 2 12 (a)
(b)

Diesign no. S I
Design no. S 12

c = 3

c = 2

2. 18 9 3 6 (a)
(b)

Design no. SR
Design no. SR 12

c = 3

c = 2

3. 18 4 2 9 Design no. SR 1 c- 3

4. 20 6 3 10 (a)
(b)

BIBD (4, 6, 3, 2, 1)
DBIBD (6, 10,5, 3,2)

c = 5

c =2

5. 20 5 2 8 . (a)
(b)

DBIBD (5.10, 4, 2,1)
Design no. Tl

c = 2

c = 2

6. 20 10 3 6 Design no. T 6 c = 2

7. 21 7 . 3 9 BIBD (7, 7, 3, 3, 1) c = 3

8. 24 3 2 16 Design no. S 1 c = 4

9. 24 6 3 12 (a)

(b)
(c)
(d)

Desing no. S 6
BIBD (4,6, 3,2, 1)
Design no. S 23
DSR2

c = 3

c = 6

c = 2

c = 3

10. 24 9 3 . 8 (a)
(b)
(c)

Design no. SR 3
Design no. SR 20
DBIBD (9,12, 4, 3.1)

c = 4

c = 2

c = 2

11. 24 4 2 12 Design no. SR 1 b = 4

12. 27 9 3 9 Design no. SR 12 c = 3

13. 28 7 3 12 (a)
(b)

Design no- S 40
BIBD (7, 7, 3, 3, 1)

c = 2

c = 4

14. 28 6 3 14 BIBD(4,6, 3,2, 1) c = 7

15. 30 9 3 10 Design no. SR 3 c = 5

16. 30 6 3 15 DB1BD"(6. 10, 5, 3, 2) c = 3

17. 30 10 3 9 Design no. T 6 c = 3

18. 30 15 3 6 Designno. T28 c = 2

19. 30 4 2 15 Design no. SR 1 c = 5 "

20. 30 5 2 12 (a)
(b)

DBIBD (5, 10, 4, 2, 1)
Design no. T 1

c = 3

c = 3

{contd. onpa^e 31)
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(contd. from page 30)

Serial Derived design . Basic design* Value ofe

No. t b r k

21. 30 6 2 10 (a)
(b)

DBIBD (6,15, 5, 2.1)
Design no. T 20

c = 2

c = 2

22. 32 6 3 16 (a)
(b)
(c)

Design no. S 6
Design no. S 54
BIBD(4,6, 3,2,1)

c =» 4

e-2

c- 8

23. 32 16 3 6 design (16,16, 3,3, 0,1,4,3) c -2

24. 35 7 3 15 BIBD (7, 7, 3, 3,1) 0 = 5

25. 36 9 3 12 (a)
(b)

Design no. SR 3
„ SR12

c = 6

c =• 4

26. 40 5 2 16 (a)
(b)

DBIBD (5, 10, 4, 2, 1)
Design no. T 1

6 = 4

c = 4

27. 40 10 3 12 Design no. T 6 c =• 4

28. 42 9 3 14 Design no. SR 3 c^l

29. 42 7 2 12 Design no. T 31 c = 2

30. 45 9 3 15 Design no. SR 12 c = 5

31. 45 6 2 15 Design no. T 20 c = 3

32. 45 15 3 9 Design no. T 28 c = 3

33. 48 9 3 16 (a)
(b)

Design no. SR 3
SR20

c = 8

c = 4

34. 48 16 3 9 Li design (16, 16, 3. 3, 0,1,4, 3) c = 3

35. 50 15 3 10 DSR 36 c -= 2

36. 50 . 10 3 15 Design no. T 6 c = 5

37. 56 8 2 14 Design no. T 32 c = 2

38. 60 15 3 12 Design no. T 28 c = 4

. 39. 64 16 3 12 !.( design (16,16,3,3,0,1, 4, 3) c = 4

40. 64 24 3 8 DSR 61 e = 1

41. 72 18 3 12 DSR 45 c = 2

42. 72 9 2 16 Design no. T 33 c = 2

43. 75 15 3 15 Design no. T 28 c = 5

44. 80 16 3 15 Lt design (16,16, 3, 3, 0, 1. 4, 3) c = 5

(eontd. <>npae*32)
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{contd. from page iX)

Serial

No. /

Derived designs
b r k

Basic designs* Value ofc

45. 100 30 3 10 DSR 73 e = 1

46. 128 24 3 16 DSR 61 c = 2

Some Additional Designs with k = 18 or 20

1. 63 7 2 18 Design no. T 31 c = 3

2. 90 10 2 18 .. T 35 c = 2

3. 108 18 3 18 DSR 45 c = 3

4. 110 11 2 20 Design no. T 36 c = 2

5. 200 30 3 20 DSR 73 c = 2

*Note : The design nos. of basic designs referred herein are as per Bose etal. [1]
from where the parameters and plans of basic designs could be obtainable.

S = Singular GD design , : SR = Semi-regular GD design
T = Triangular PBIB design ; DSR = Dual Design of SR

BIBD = Balanced Incomplete Block design

DBIBD = Dual design of BIBD.


